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Abst rac t - -Th is  paper deals with the plane strain problem of determining stress intensity factors 
and crack energies of a static cruciform crack in an infinite orthotropic elastic medium. The problem 
is reduced to the solution of two simultaneous singular integral equations with Cauchy-type singu- 
larities. Expressions for stress intensity factors (SIF) and crack energies for the case general loading 
distribution are obtained. Nfimerical results for some special cases are presented for the Boron-Epoxy 
composite material. (~) 2000 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Several authors including Stallybrass [1], Rooke and Sneddon [2], and Sneddon and Das [3] have 
considered the elastostatic problems involving a cruciform crack and star-shaped crack in an 
isotropic elastic material. They have used Muskhelishvilli-Kolosev potential functions, integral 
transforms method, and the Wiener-Hopf technique. On the other hand, Ong and Srivastava [4] 
and Brock and Deng [5] have studied dynamical problems associated with the cruciform crack in 
an isotropic elastic medium. However, relatively less attention is given to elastostatic problems 
involving cruciform crack in an infinite orthotropic elastic medium. 
So this paper is concerned with a study of a static cruciform crack problem in an infinite 
orthotropic elastic medium under the action of prescribed normal pressure distributions. The 
problem is reduced to singular integral equations with Cauchy-type singularities. Expressions 
for stress intensity factors and crack energies are determined. Numerical results for some special 
cases are discussed for the Boron-Epoxy composite material. 
2. FORMULATION OF THE PROBLEM 
We consider the elastostatic plane problem in an infinite orthotropic elastic medium occupying 
the xy-plane and containing a cruciform crack on the segment Ixl < a, y = 0 and lYl -< b, x = 0 
whose principal axes coincide with the Cartesian coordinate axes. 
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Under the assumption of plane strain in an orthotropic medium, the equations of equilibrium 
in terms of displacements are 
C 02 u O2u 02v 
110~X2 -~- 666~y 2 -~ (612 ~- C66) OzOy - O, (2.1) 
C 02v 02v 02u 
22-~u~ + c66-y~ + (v i i  + c66) OxOy - o, (2.2) 
where u, v are displacements in x, y directions and Cijs are elastic constants of the material. 
The stress displacement relations are 
au COv 
O'xx = Cl l~  + 12~y, (2.3) 
= COv C Ou 
gryy 22~yy "~ 12~X, (2.4) 
ov) 
oxy = 666 Ou + ~ . (2.5) 
In view of the symmetry, the problem can be formulated in the quarter plane (x > 0, y > 0). 
The associated boundary conditions are given by 
au~(x,O) = -pl(x),  0 < x < a, (2.6) 
axx(O,y) = -P2(Y), 0 < y _< b, (2.7) 
v(x, o) = o, • > a, (2.8) 
ox~(~,o) = o, x > o, (2.9) 
u(O, y) = o, y > b, (2.10) 
crxu(O,y ) = O, y >_ O. (2.11) 
In addition, all components of stress and displacement 
crack. 
fields vanish at a far distance from the 
3. SOLUT ION OF  THE PROBLEM 
We assume that the solution of (2.1),(2.2) may be found as 
o¢ o¢ 
u = ~x'  v ---- A~.., (3.1) c,y 
where A is a constant and ¢ is a function of x and y. Equations (2:1),(2.2) are satisfied if 
C66 + A (612 + C66) AC22 
-- = 6 2, (3.2) 
Cu AC66 + C12 + C66 
where 62 is another constant. This leads to two quadratic equations, one in A and another in 62. 
A1, A2, and 62, 622 are the roots of the quadratic equation 
and 
~2C66 (612 -~ 666 ) -~- )k [(612 -~- 666) 2 Jr 626 - 612622] qt_ 666(612 _~_ C66) _~ 0 (3.3) 
 'c 1666 + [(c,2 + c66) 2 - - c,16 2] + c6662  = o, (3.4) 
respectively. Hence, there are two potential functions ¢1 and ¢2 which satisfy the partial differ- 
ential equation 
02¢~ 02¢i 
07 + ~ = o, i = 1, 2, (3.5) 
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where 
= ~, i = I, 2. (3.6) Yi 
The displacements and stresses can be expressed in terms of these two potential functions ¢I 
and ¢2 as 
0¢1 0¢2 (3.7) 
u=-~-x + Oz' 
A2 (o¢2  (3.8/ 
v = ~ \N?yl) + ~ \0u2)  ' 
ax:~ (1 +AI'~ 02¢1 (1 +A2"~ 02¢2 (3.9) 
c66 = \ - - -~  ] ~ + \---g-~ ] -0-~, 
• "02¢' 02¢2 (3.1o) 
O'yy ~- (1 -t- Al)--~yl2 q- (1 q- "~2) 0y22 ,C66 
O'xy (1 -I- )~1~ Oq2~bl (1 +/~2"~ Oq2~b2 (3.11) 
An appropriate integral solution of (3.5) can be written in the form 
¢1(x, y) = [c~-lBl(a)e -~e'x cosay + a-2C,(a)e -`~y' cosax] da, (3.12) 
¢2(z, y) = [a-XB2(c~)e -~e'~ cosay + a-2C2(a)e -ay~ cosax] da, (3.13) 
where Bi(a), and Ci(a) (i = 1, 2) are arbitrary functions. Boundary conditions (2.9) and (2.11) 
are satisfied under the following conditions: 
C1(°~) = -~22 ~ 1 -~1/C2(° t ) '  (3.14) 
Bl(Ct) =-~ ( ) (3.15) 
Boundary conditions (2.8) and (2.10) together with (3.14) and (3.15) yield 
o°°a-lC2(a)coso~xdo~ = O, x > a, (3.16) 
f0 c~ B2(ot) cos ay = 0, y > (3.17) da b. 
Boundary conditions (2.6) and (2.7) reduce to 
,2fo°°aB2(a)( , le- '2az- ,2e-a' ,Z)da+(l -~2)fo°°C2(c~)cos~xdc~ 
px(x) (3.18) 
- Cs6 (1 + A2)' 0<x<a,  
(1 -~)  f0 aB'(a)c°sayaa+~2~o \ '  (~1 
P2(Y) (3.19) 
= C66 (1 + A2)' O<y<b.  
We set 
~2 ) C2(a) da 
f0 a B2(a) = fl (t) sin at dt. (3.20) 
xf0b C2(a) = ~ f2('c) sinardT, (3.21) 
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where fl  (t) and f2(r) are odd functions of t and 7, respectively, it is observed that equations (3.16) 
and (3.17) are identically satisfied under the conditions 
\ a / l ( t )  dt = 0, (3.22) 
~ f2(T) dr = 0. (3.23) 
b 
Substituting the values of B2(a) and C2(a) from (3.20) and (3.21) in (3.18) and (3.19), the 
following singular integral equations are obtained for the unknown functions fl (t) and f2(T): 
; fl(t) d' ~o b t~1 a ~:~C + kl(X,T)f2(T)dT = -- pl(X), --a < x < a, (3.24) 
; f2(T) dT ~0 a 1 ~2 -~---~ + k'2(y,t)fl(t)dt = - P2(Y), -b  < y < b, (3.25) 
b 
where 
1(5 .~2)  1 (  5~] f i t=51-  , ~.2=~ 1-  , ~/=C66(1+A2),  (3.26) 
kl (X, r) = 52 [ 521x2 + ~-2 
1 [ 51t 
k2(y,t) = ~2 y2 Jr. ~2t2 
52r ] (3.27) 
5~=2 + r2 ' 
52t ] 
y2 ~ ~2t2 J" (3.28) 
We next introduce t* = t/a, x*= x/a, T* = r/b, and y* = y/b in equations (3.24),(3.25) and 
define fl(~') = fl(r*), f2(~') = f2(T*), pl(X) = pl(z*), and P2(Y) -- P2(Y*). Consequently, we 
obtain 
~1 fl!~*) dr* j~01 1 fll -t-=x: + kl(X*,r*)f2(r*) dr* = - -p i (x* ) ,  
1 71 
~_1 f2(.__T*.~)dT, ~1 1 
/32 y. + k2 (y*, t*) fl(t*) dr* = --P2 (Y*), 
1 7"*-- ?} 
-1 _< x* _< 1, (3.29) 
-1 _< y* _< 1, (3.30) 
with 
kl (=*,r*) = kl(z,r) ,  
k2 (y*,t*) = k2(y,t), 
(3.31) 
(3.32) 
and 
f l fl (t*) dr* = 0, 1 
1 f2 (T*) dr* = O. 
1 
We next express the unknown functions as 
1 oo 
fl(t*) = ~ E AnT2n+l(t*) 
n-~D 
(3.33) 
(3.34) 
(3.35) 
and 
f2 (T* )  = 1 E BnT2n+I (T*). 
n----0 
(3.36) 
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We use the relation 
~ dt* 
(t*) (1 - t*2) -1/2 t* x ------7 = 0, j = 0, (3.37) T~ 
1 
= rUj_I(Z*), j > 0 (3.38) 
to reduce the problem to an infinite system of linear algebraic equations in unknown coeffi- 
cients An and Bn, where Us(x ) is the Chebyshev polynomial of the second kind. With the 
choice of fl and f2 as odd functions, equations (3.22),(3.23) are automatically satisfied. Thus, 
substituting (3.35) and (3.36) into (3.24),(3.25) and using the orthogonality relation 
f~  Un(y*)Um(y*)(1-y*2) 1/2 dy* =0, nT~m 
1 (3.39) 
7r 
2' n=m,  
7r2j-!Am + Bn U2n (z*) X/1 - x .2 dz* 
2 1 
,,=o (3.40) 
(f ) x kl (Z*,T*)T2n+I(T*) dT* = -1plm,  r} 
7r 
- U ,  * Bm + F_, A,~ ~n (y ) - y*~ ey* ,/1 
n=0 1 
(9£01 ) (3.41) x k2(y*,~-*)T~,~+l(t*) dr* = -!P2m, 
7? 
m = O, 1,2,..., 
where 
f Plm = Pl (x*) U2m (x*) X/1 - x .2 dx*, (3.42) 1 
f P2m = P2 (Y*) U2m (y*) V/-£ - y.2 dy*. (3.43) 1 
The stress intensity factors are defined by 
Kx = lim ~ a) a~(x,O), (3.44) 
X--*a-~ 
gl I  = lim v~-b)axz(0 ,  y), (3.45) 
y--'*b+ 
and calculated from the following results: 
OO 
K1 --- -~1  E An, (3.46) 
n~0 
OO 
Ku = -rl~2 E Sn. (3.47 / 
n~0 
Expressions for the crack energy W1 and W2 are given by 
f W1 = -2  %~(x, O)v(z, O) gx 
f w2 =-2  a=(o,y)u(O,y)dy ( ; : )  , 4o, 
oo f l  T2n+l (T*) dr* * d * = r(A1 - A2)52 E Bn ~-f--T, ~ P2(Y ) Y 
2(1+A1) n=O ¢- i  
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4. NUMERICAL  RESULTS AND DISCUSSIONS 
The stress intensity factors K1 and KII  and crack energies W1 and W2 are calculated with 
p l (x )  = p and P2(Y) = p for the Boron-Epoxy composite mater ia l  whose elastic constants are 
given in Table 1. 
Table 1 
C11 C12 C22 6'66 
106 psi 106 psi 106 psi 106 psi 
30.3 3.78 4.04 1.13 
0.65 
(r, lp) 
0.55 
0.45 
0.35 
0.25 
2 3 (b/a) 4 
Figure 1. Plot of KI/p against b/a. 
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Figure 2. Plot of KII/p against b/a. 
2 3 (b/a) 4 
Figure 3. Plot of W1/p2 against b/a. 
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8 
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Figure 4. Plot of W2/p against b/a. 
The stress intensity factors are p lotted against he crack rat io (b/a) in F igures 1 and 2. It  follows 
from these figures that  KI /p  decreases as (b/a) increases and KI I /P  increases as (b/a) increases. 
On the other hand, expressions for the crack energy (W1/p 2) and (W2/p 2) are drawn against  (b/a) 
in F igures 3 and 4. I t  is evident from these figures that  (W1/p 2) decreases as (b/a) increases, 
whereas (W2/p 2) increases as (b/a) increases. 
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